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We give the first known direct construction for linear families of bounded concentrators. The 
construction is explicit and the results are simple natural bounded concentrators. 

Let Fq be the field with q elements, g(s~) E Fq [x] of degree greater than or equal to 2, H--- 

PGL2(Fq[x]/g(x)Fq[X]) , B=PGL2(Fq) , and A = { ( 0  bd-lCCS)laEPqq;b, \ '  ~ Let Inputs = 

H/A, Outputs = H/B, and draw an edge between aA and bB iff aA~bB ~ r We prove that for 
every q > 5 this graph is an OH~A], q~+,q+ 1, q~_-4)-bounded concentrator. 

1. Introduction 

An (n,d)-superconcentrator ((n,d)-s.c. for short) is a directed acyclic graph  
with n inputs,  n outputs  and not  more than  dn edges, such tha t  for any r _< n, 
given any two sets, S of r inputs and T of r outputs ,  there are r vertex disjoint 
pa ths  f rom S to T. Superconcentrators  are very useful in theoret ical  computer  
science for designing communica t ion  networks, proving lower bounds,  sorting, etc. 
(see [1], [9]) and the references therein). One of the major  difficulties in this theory  
is to give an economic construct ion for linear families of superconcentra tors  i.e., 
families of (n,d)-s.c. with n --~ cx) linearly, keeping the densi ty d fixed and as 
small as possible. Such families were const ructed  from bounded  concentra tors  [13, 
6]. An  (n,O,k,a)-bounded concentrator is a bipart i te  graph with n inputs,  On 
outputs  for 0 < 1, and not  more than  kn edges, but  nevertheless any set S of not  
more  than  a n  inputs (a  < tg) has at  least IS[ neighbors. By  the P. Hall marr iage 
lemma, there is a perfect matching  between S and some subset of its neighbors. 
Bounded  concentrators  are impor tan t  for switching networks, sort ing and especially 
for const ruct ing superconcentrators  as follows [6]: To construct  a superconcent ra tor  
of size n, pu t  a direct edge between each of  the n inputs  and its twin in the outputs .  
Use these edges to connect  as many  vertices as possible of  the two given sets S C I 
and T C O .  After it we may  assume tha t  [SI = IT] <n/2,  this can be feed into two 
(n, 8, k, 1 /2) -bounded concentrators,  to reduce the problem to  size tgn. 
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Theorem A. [6] I f  for every n an (n, 0,/~, 1/2) bounded concentrator is given, then 

A bipartite k regular graph with n inputs and n outputs is an (n, k, c)-expander, 
if any set of s inputs has at least [1 + c ( 1 - s / n ) ] s  outputs as neighbors. Bounded 
concentrators were obtained from expanders as follows [6]: To construct a bounded 
concentrator with n inputs, let p+l  divide n and r = n / (p+l ) .  Let G = (V = I U O, E)  
be a bipartite (pr, k ,2 / (p-1))  expander, divide O into r disjoint equal pieces 
01,.. . ,Or (each consist of p vertices), add r new vertices i l , . . . , i  r to I,  and 
for 1 _< j < r connect ij to each vertex of Oj. The resulting graph is then an 

( n, p--4-T, p+--p%'T-, bounded concentrator. 

Theorem B. [6] I f  for every n an (n,k, ~ )-expander is given, then for every n it 
is possible to construct an (n, ( 2 k + 3 ) p +  1)-superconcentrator. 

This way using Margulis expanders, Gaber and Galil constructed linear families 
of superconcentrators with density d = 272. This was improved in [1] to d = 123, then 
Lubotzky et al. [11] using their Ramanujan graphs got d = 78. But N. Pippenger 
draws to their attention that  it is possible to have d = 64, using expanders that  
are double covers of 8-regular Ramanujan graphs. Explicit constructions of such 
Ramanujan graphs can be found in [15]. 

Although for many reasons it is important to have these graphs homogeneous, 
i.e. distributing the inputs uniformly over the outputs, this is not the case in 
the above construction of bounded concentrators. The artificial way in which the 
new inputs are connected to the outputs, breaks the "close to random" structure 
of the expander. Here we give explicitly a direct construction of many infinite 
linear families of homogenous bounded concentrators, i.e. families in which n--* 
linearly, keeping k, 0 and a fixed. 

Our main result is: Let Fq be the field with q elements, g(x) e ]Fq Ix], R = 
]Fq [x]/g(x)Fq Ix], H = PGL2 (R), HO = PGL2 (]Fq), 

H i =  { (  0 b+lCX) EG aEFq*,b, cEFq } .  

H0, H1 C_ H and everything is finite. Let I n p u t s  : H/Hl,0utputs =H/Ho, and an 
edge exist between all1 and bHo iff all1 n bHo r r For every q > 5 and g(x) of 

degree greater than or equal to 2, this graph is an (IH/Hll, q~+,q,q~_43) bounded 

concentrator. Superconcentrators made from these b.c. for q = 5, come out to be 
of density 66. 

In Section 2 we present the background about the discrete valuations of Fq (x), 
the local tree of PGL2 and its quotients. Then we give an abstract presentation 
of the diagram that  we work with, and prove that it is a Ramanujan diagram. In 
Section 3 we discover the explicit structure of this diagram. Then in Section 4 
we prove that  a subgraph of this diagram is a bounded concentrator, and discuss 
related issues. 
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2. The Ramanujan diagram Dg 

We will recall a few fundamental definitions about diagrams (for more see [14]). 
A diagram is a triple D = (V, E, w) where (V, E) is a bipartite graph, w : V U E --* 
{1/n I n =  1,2, 3,.. .} is the weight function, which satisfies: 

1. E w(v)<oo. 
vEV 

2. For any e=  (u,v)EE, w(e) -1 divides w(u) -1 and w(v) -1. 
For an edge e =  (u, v) define to be the entering degree of to 
and call D r-regular if for every fixed uEV, ~(u,v)~Ee(u,v)=r. 

Let f,g be functions on V and set 

( f , g )  = 
vCV 

which defines L2(D). The Laplacian /k on L2(D) which is defined by /kf(u)  = 
~-~(u,v)~E e(u,v)f(v) is hermitian, and well defined on 

vEI vCO 

Denote AIL0(D ) by ~. 

Let q be a prime power, and Fq the field with q elements, Fq [x] the polynomials 
over Fq and k=-Fq(X) its quotient field. For every irreducible fEFq[x], the discrete 
valuation vl on h is defined by vf(g/h)= o r d / ( g ) -  ordf (h), where ordl(g) is the 
maximal power n such that  fn divides g. The valuation at 1/x (also called the 
valuation at infinity) is defined by vux(g/h ) =degree(h)-degree(g) .  These are all 
discrete valuations of k, they are called the places of k. For a place p let kp be the 
completion of k with respect to the metric [a I-- q-Vp(a), and Op its integers, kp = 
Fq ((p)) is the field of Laurent series in p over Fq, and Op = Fq [[p]] is the ring of 
Taylor series in p over Fq. 

For a ring R let PGL2(R) be the group of 2 • 2 invertible matrices over R 
divided by its center. Let PSL2(R) -- {A E PGL2(R) ]IAI is a square in R}. Let 
us write GR for PGL2(R) and G~ for PSL2(R). In the special case when R=kp 
we'll also write Gp for Gkv and G 1 for G 1 .  

Let H be G or G 1. The Adele group of H over k is defined by: 

HA={('",gp,'")EHHp]gpEHopalmosteverywhere } 
p 

where by "almost everywhere" we mean: except for a finite number of places. 
Multiplication is componentwise, and a topology on HA is defined by declaring 
the subring lip Hop with the usual Tychonoff product topology to be open. With 
this, HA is a locally compact group. Ha is embedded naturally into H A by g -*  
(9,g,...,g,...) (see [7] for more details). 
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In [18, w 1] the structure of the q + l  regular tree is defined on Gux/Go1/ .  
The tree T = Gux/Gol/~ is completely described by defining the neighbors of 
gGo1/~ to be the q + l  cosets gsiGoi/~ i=l , . . . ,q+l ,  where 

From this point of view it is clear that  G1/x acts on T (from the left) as a 
group of automorphisms. 

r=r(1)=PCL2(~q[x]) is  a lattice in G1/x [18, w (i.e., F is discrete and 
F\G1/~ is of finite Gl/x-invariant measure). Hence, for every g e Fq [x], 

F(g) = {A e F(1) I for some representative a of A, a = I mod g} 

which is of finite index in F(1), is also a lattice in G1/x. Look at the action of 
r(g) (from the left) on the tree T = G1/x/Go~/~ , and denote the quotient graph 

F(g)\Guz/Goi/~ by Xg. If ~ and ~' are two vertices of T which lie above vEXg, 
then the stabilizers of ~ and ~' are conjugate subgroups of F(g), so we may define 
the weights: 

(2) w(v) = e r ( g )  I = = 1{7 e r ( g )  I = ~}1-1 
where ~ and ~ are any vertex and edge which lie above v and e respectively. As the 
quotient of the q + l  regular tree T, Dg=(Xg,w) is a q + l  regular diagram (as we 
will later see in detail). 

Theorem 2.1. Dg is a Ramanujan diagram, i.e., A]LO(Dg ) ~2V/~. 

Proof. We are not going to give all details, parts of this proof can be found with 
more details in [12, ch. 5], a detailed proof appears in [16]. The continuous spectrum 
of the Laplacian A on L~ is well known from the theory of Eisenstein series 

([5, w for example). It is exactly the segment [-2ql/2,2ql/2] (see also a direct 
computation for the case of r (1)  in [4]). 

It is left to show that  if A~=t=(q+l) is an eigenvalue of A, then ]A[ < 2 v @  Let 
p be a continuous irreducible unitary representation of G1/x in (H, <, >). Assume 
p is of class one, i.e. there is a v e i l  s.t I[vH=l, and Go~/~ .v=v. fp(g)=<gv,v> 
is cMled the spherical function of p (fp : G1/x --* C). Since at most one such v can 
exist [10, ch. IV], fp is well defined. 

LetU=Go,/~(: l~x)GO,/.,1uitscharacteristicfunction, anddefinethe 
convolution ( f  * h)(x) = fG1/x f(xy-1)h(y)dy; There is a unique # E C such that  

fp*lv=#fp,  and p is denoted by p ' .  For more details see [10, ch. IV]. 

Lemma 1. # is an eigenvalue of the Lapladan A of F(g)\G1/JGo1/~ iff the rep- 
resentation pl~ appears in the (right) regular representation RG1/~ of G1/x in 
L2(r(g)\al/~). Moreover, i f ' # ~ : + ( q + l )  then p" is not one dimensionM. 

Proof. The proof is almost the same as in [12, ch. V] | 
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Let 

s di Let g(x) = 1-Ii=l gi (x) , where gi E Fq [x] are irreducible, and gi ~ gj for i ~ j .  

Kr = [ Ker{Gor -~ PGL2(Or/rd~Or)} r = gi 

where: 

a i ( :  b )  : (am~ 

t, cmod/' 
Let K = [ I f r  Kf  and H = GkG1/xK. 

l < i < s  

b mod g d~ ) 

d mod gd~ ' 

Lemma 2. [Gk\GA/K:Gk\H/K] <oo. 

Proof. Let K 1 = 1-Ifr GlOs, clearly GI/xK1 is a nonempty open subset of G 1. 

G1/x is not compact, so by the Strong Approximation Theorem ([17]) 1 1 GkG1/x is 
dense in G 1, so 

(3) a l  /-yl ~-~1 r,~l 
---- ~k .~ l /x~ �9 

Since I H f c u x  Gof :KI < c~, and by the Strong Approximation Theorem [17] 
k* - k ' k *  A -  1/x H f  0 7, it is clear that H contains a finite index subgroup of G1Ak*A = 
GA, (since Gr -- PSL2(kr)k* for any place r). Hence IGA: H I < 0% and also 
IGk \ GA/K : Gk\H/ K I < oc. 1 

Since G k n K - - F ( g )  

C k \ H / K  ~- r(g)\al/x 
as G1/x modules (by multiplication from the right), and 

[ G k \ G A / K  : r (g ) \G1 /x l  < c~. 

Therefore, for every irreducible representation T1/x of the (right) regular represen- 
tation of G1/x in L2(F(g)\GUx), there is an irreducible sub-representation 5 = 
| of the regular representation of G A in L2(Gk\GA) , such thaf  51/x =~-l/x. 

Assume now that # # :k(q+l)  is an eigenvalue of the Laplacian on the diagram 
F(g)\Gux/Go1/.  By lemma 1, pt~ (which is not one dimensional) appears in the 
regular representation of GUx in L2(F(g)\G1/x) , and hence 5-- | with 51/x = 
p~ appears in the regular representation of G A in L2(Gk\GA). By the theorem of 
Drinfeld [3], p# is a principle series representation, i.e. I#[-< 2v@ | 
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3. The  s t ruc tu re  of  Dg 

Let  A m - - ~ 0  1 ) '  e m - - A m A m + l  for m = 0 ,1 ,2 ,3 , . . . ,  and  X1 is the 
\ / 

following infinite p a t h  in the tree G 1 / z / G o , / .  

eo el e2 e3 
X1 : : : : : : . . .  

A0 A1 A2 A3 A4 

0 E F(1) a, d E Fq, _ . 

T h e o r e m  3.1. [18, w In the action o f F ( l )  on the tree G 1 / x / G 0 t / :  
(a) z l  is a [undamental domain fox r ( 1 ) \ c 1 / x / V o l / . .  
(b) For every m>_O, Fm is the stabilizer of Am, and FmC~Fm+l is the stabilizer of 

the edge em. In particular, Bo is the stabilizes oleo, and Fm of era for m_~ 1. 

_ ~dl ~d2 ,~ds Let  Y--Y1 ~2 ""~s  the decomposi t ion  of g(x)EFq[X] into dist inct  i rreducible 
pr ime powers, where degree (gi) = hi, ~ i s l  dini = degree (g) = n _> 2. Since r/r(g) -~ 

I]iS=l PGL2(Fq [x]/gdiqFq [x]) it is easy to see t h a t  I r / r (g )F  = q3n I I ,  where  f rom now 
o n  

H def I~I(1 - 1/q2nl). 
i=1 

In order to  unders tand  the s t ruc ture  of Dg -- (Xg,w) it is convenient  to look 
at  X1 as the  quotient  of Xg by r ( 1 ) / r ( g ) .  

=- ~ X 1 = F(1)\G1/x/GoI/~ 

where ~r 1 is the project ion th rough  the act ion of F(g),  ~r 2 is the  pro jec t ion  th rough  
the  act ion of r(1)/r(g), and ~r----~r2o:r I is the project ion th rough  the act ion of F(1).  

Since X1 is a tree, we can identify it wi th  an isomorphic  copy in Xg. Let  S C_ 
Xg be a max ima l  subtree  of Xg and assume X1 C_ S, S can be identified wi th  an 
isomorphic  copy in T. If  e = ( u , v ) e X  9 is not  in S, identify it wi th  some ~ =  (u,~5)E 
T such tha t  : r l ( ~ ) =  v. From now on when we will ta lk for example  abou t  A1 in T,  
ei in X9, or vEXg as a ver tex  of T, we mean  th rough  this identification. 

Definit ion 3.2 A ver tex  v e Xg (edge e e Xg) is called a vertex (an edge) of level i, 
if ~r2(v)=Ai (~r2(e)=ei) ,  and  

Li D=ef {v e Xg [ v is of level i}. 

Let  * s tand  for one of the three: (i) F(1) in its act ion on T. (ii) F(g)  in its 
act ion on T. (iii) r ( 1 ) / r ( g )  in its act ion on Xg. Denote  

Stab,(v) Def {,y e * [ 'yv : v}. 
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The weights of Dg. By Theorem 3.1 Stabr(g ) (Ai)=FinF(g). If v is another vertex 

in Li, Stabro)(v)= h-~F~h for some h e  r(1), since F(1) is transitive on Li. But 
F(g) is normal in F(1) so 

Stabr(g )(v) = h-lF~h n F(g) = h - l ( r~  n F(g))h = h-lStabp(g)(Ai)h. 

From the definition in (2) we see that  for every xi e Li 

1 i < n  
(4) w(xi) -~ = I r i n r ( g ) i  = qi-n+l i >_ n. 

For the same reasons if e i is an edge of level i 

(5) w(ei) - 1 :  { IBOnF(g)l i : O  -~ {1  i < n 
Ir~ nr(g) l  i > n qi-n+l i k n. 

The vertices of Dg. F/F(g) acts transitively on Li, and the stabilizer of Ai is 
r~ ro) / r0 )  ~r~/(r~ nr(g)), so we can identify Li with 

(6) ( r /r (g ) ) / ( r~ro) /ro) )  ~ r/r~r(g) 

Sin~e Ir /r0)  l =q3n H, and 

[q(q2_l) i=0 
Ir~l = [ gi+l(q_ 1) i > 0 '  

1 i < n  
I r i n r 0 )  I =  q i+l -n  i_>n  

we get 

(7) 

{ ~  i - - 0  

ILil = q (q_ ) n > i > O 

q2n H 
q-1 i>_n. 

The edges of Dg. F(1)/F(g) acts transitively on the edges of level i, 
StabF(1)/r(g)(ei ) = (Fi n r~+~)r(g)/r(g), and again the edges of level i can be 
identified with 

(8) (r/ro))/{([r~ n r~+dro))/ro)} ~ r / f ( r i  n ri+~)ro)}. 

From (6) and (8), the edges of level i coming out from a vertex a r i r ( g )  e Li (a 
vertex br~+lr(g) e L~+I) are exactly the cosets of (Fi nri+l)r(g) in ar~r(g) (in 
br~+~r(g)), and their number is the same for every vertex of level i (of l e v e l / + l ) .  

The edges of level i coming out from 1FiF(g) (going to Li+I) are therefore 
identified with 

(9) (rir(g))/{(ri n r~+l)r0)} z n/{r~ n ([n n ri+l]r(g))}, 
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and those coming out from 1Fi+IF(g) ( going to Li)  are identified with 

(10) r i+ l /{ r i+ l  n ([ri n 
We will now distinguish between the following three cases: 

i--0:  
r 0 n r l  = B o ,  r0ar(g)={1}. By (9) there are IF0 /B0] - -q+l  edges coming out 
from A0 going to level one. Since rlnr(g)={1}, by (10) there are ]F]/B01 =q  
edges coming out from A1 going to L0. So, between levels 1 and 0, we have an 
interesting bipartite graph (all weights are 1) which concentrates the vertices 
of n l  into those of L0, where ILoB--~-~ilLll. 

0 < i < n - l :  
Fi NFi+I -- Fi, Fi NF(g) = {1}. By (9), from every vertex of level i there is 
Ir /r l = 1 edge going to Li+I. Since Fi+I nF(g)  = {1}, by (10) from every 
vertex of level i + 1 there are ]Fi+l/Fi]  = q edges going to Li .  The graph 
between levels i and i + 1 is simply a "q to 1" collapsing of Li  on L i + l  (note 

1 L that In +ll= l 
i > n - l :  

The number of edges coming out from a vertex of level i, going to L i + l ,  is 
again I r i / r i t  =1  by (9). But here r i r ( g ) = r i + l r ( g )  so by (10) the number of 
edges coming out from a vertex of level i +  1 going to Li  is also IF i+I /F i+I I=  
1. We see that from level n - 1  on, the diagram Dg continues simply by gluing 
an infinite ray which is similar to X1, (but with weights as in (4) and (5)), to 
every vertex of level n - 1. 

�9 . . . . . . . .  
q+l  �9 q 1 . . . . . .  " ' .L.~ cusps 

Dg(O- 1) q 1 ; ; ; ......... 

. . . . . . . . . . . . . . . .  . q ; ; ......... 
�9 . . . . . . . . . . . . . . .  �9 . ~ - . . . . . . . . .  

�9 * ~ Ln-2  i Ln-1  Ln Ln+l 
�9 q . . ~ e  l : 

: ~- ~ �9 . . . . . . . . .  

�9 L 0 � 9  1 � 9  2 eL 3 . . . . .  �9 ~ ~ ; -_ . . . . . . . . .  : : ....... . . . . . . ." '"" 
~,,_eo �9 el ~ "'" 
A o ~ ~ , ~ , ~  ~ /12 

A1 

Fig. 1. The diagram D9 

Remark 3.3 Let R -- Fq[x]/g(X)Fq[X] be represented as polynomials of degree 
smaller than n--  degree (g), H -- P G L 2  (R), Ho -- P G L 2  (Fq), and for i > 0 
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Since r/r(g)-~H, it is easy to see that  our diagram Dg = (V,E,w) is as follows: 
Li can be identified with H/Hi, edges exist only between two successive levels, and 
for hHi ELi and kHi+l E Li+l 

(hHi,  ]zHi+l) e E r hHi N ~Hi..bl # r ~:~ hHi N kHi+ l = a coset of Hi n Hi+ 1 , 

Clearly, the edges of level i which come out from hHi (going to ILi+lt) are exactly 
the cosets of HirqHi+l in hHi, and these coming out from kHi+l (going to Li) 
are the cosets of Hi Cq Hi+l in kHi+l. This describes the structure of Dg (inside 
the finite group PGL2(R)), in a way which seems to be the easiest to construct 
effectively. 

4. The bounded concentrators 

The diagram Dg between levels 0 and 1, is a graph in the usual sense (all the 
weights are 1), denote it by Dg(O-1). 

For any set S of vertices, let 1S denote the characteristic function of S, N(S) 
the set of neighbors of S, and Ni (S) the set of neighbors in level i. For a function 
f on Xg and the Laplacian A, let Aif  be the part of A f  supported on Li (i.e. 
Af ' lLi  ). Our main tool is the following lemma: 

q[Ll[ Lemma 4.1. For every SC L1, >- (q-3)[S]+4[Ll[" 

/ 1 ~ _ , . . ' ~ 1  L [ 1 _  I t _ \  
 roo,.  inoe O, is <o 

& l ~ l  i - - ~ 1 #  

AO t, iL1J/ which is constant on Lo, hence 

( 1S ) r 1L' "~ (1S 1L1) IIAo ]-#] 112--IlJo + A o  112= \ lL l l )  ISl ILll 
:[[Ao ( iD:l'~ii2-1-iiA0 ( IS 1L1)[, 2 q ( q §  (1S  1Li ) 

klSl l )  ~ ILll I L l ~  +l lA~ ISl ILll 112" 

But if i is supported on L1 then IIAo(I)II 2 = IIA(/)I I  ~ - I IA2 ( f ) l l  2, and by Theo- 
rem 2.1 A0lS;O(Dg ) _<2vr~, hence 

(1S) q(q+l) (1  1 ) 1 ((q2-3q)iSi+4qiLl[) 
IIAo ]-#] 112<_ IL1--------~ § ISI ILl] =~-/ ILll ' 

(This may be improved by estimating liar. 1L -~fs 112 ) Since 1No(S)IINo(S)I 
is of minimal norm among all the functions f such that  f is supported on No(S), 
and y~vf(V)W(v)=l, and A0 (q-~)  is one like this, w e  get 

1 1N~ 2 ~2 (18) 1 ((q-3)[Si+4[Lll) 
INo-(S)I -- ~ --- IlAo ~ ll2 % ~ qlLll 
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which gives the required result. | 

Proposition 4.2. If q > 4, or q = 3 and g(x) is irreducible of degree greater  than 2, 
then Dg(O-1) is connected. 

Proof. If  not, there is a set SC_L1, tSt < I~__] s.t. INo(S)I =q-~+ltSt which for q > 3  
is impossible by lemma 4.1. For the case of q = 3  see remark 4.3. | 

Remark  4.3 It  is not hard to see that  D 9 (0--1) is connected iff PGL2 (R) is generated 
by H0 and H1 (the notations are as in remark 3.3). This condition is true for q ~ 3  
when g is irreducible (if q = 3 we also need that  degree(g) _ 3), since in this case we 
know that  the only subgroup of PGL2(R) tha t  contains H0 and H1, is PGL2(R) 
itself [8, th. 2.8.4]. This means that  for ISI < I~___!, ]No(S)] q - ~ > ~ 7 ,  and for q = 3  

this is bet ter  than what we get by lemma 4.1. (Even the improvement suggested in 
the proof of lemma 4.1 when applied to the case q = 3 ,  would give a weaker result 
when ISI = ILll/3). What  is actually done in lemma 4.1, is to use the bound of 

A{L0(Dg ) for the Laplacian of Dg(0-1) ,  instead of bounding it directly. This way, 

for q = 3 we get only the trivial bound ~ (which is obtained simply by counting 

the edges). For q = 2 it is even worse than this. To get bet ter  results an argument  
in which the whole structure of Dg (not only levels 0,1 and 2) play a role is needed, 
but  we have not been able to find one. 

Proposit ion 4.4. 

(a) For q>_5, Dg(O- 1) is an , u, q_3 j-bounded concentrator. 
/ 

(b) When q >_ 5 is fixed, and degree(g) --* oo, we get an infinite family of 
l 

Proof. (a) The first three parameters  come out from the structure of D 9 which is 
discussed in section 3, and the fourth is by lemma 4.1. | 

Proposit ion 4.5. Using these bounded concentrators for q = 5, one gets linear 
families of (n, d)-superconcentrators with n--* oo, d = 66. 

Proof. Immediate  by combining the result of Theorem A of section 1 and Proposi- 
tion 4.4. | 

Remark  4.6 Of course one can cut Dg at any level i > 1 and have bounded 
concentrators again, but the sharpest ratio between inputs and outputs results 
when cutting after level 1. Even for q= 2 ,3 ,4  one gets b.c. when cutt ing at higher 
levels. 

Remark  4.7 An argument of N. Pippenger shows that  for q = 2 ,  Dg(O-1) is not a 
bounded concentrator with reasonable parameters.  
Proof. Choose some vertex u0 E L0. Choose one of its three neighbors in L1, let 
us say this is v0. v0 has only one more neighbor in L0, let us say it is Ul. Repeat  
this double step by choosing a neighbor Vl E L1 of ul ,  etc. After not more than  
O(log 2 IL0{) such double steps with suitable choices of the neighbors in L1, we will 
come back to one of the ui-s creating a non trivial cycle. (Since for any graph G = 
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(V,E) in which each vertex is at least of degree k, the girth (i.e., the length of the 
shortest cycle) is less or equal to 2log k [V[). Throwing out irrelevant vertices we 
may assume that  this cycle is made of {uo,. . .  ,ut} CLo and {v0,... ,vt} c L 1 .  

But uo still has one unused neighbor in L1, call it Vt+l. Continue the process 
above from Vt+l on, until you get a new cycle or you come back to one of Ul, . . .  ,ut. 
Again this will happen after not more than O(log 2 ]L0[) steps, otherwise you have 
used more than ]Lo] + ILlf vertices. Since you visit a vertex v E L1 once at most, 
but  you visit uo and one more vertex of Lo twice, if we denote by Si the set of 
vertices you ever visit in Li,i---O, 1, we have 

IN0(Sz)i  = IS01 < IS, J 

so V g ( 0 - 1 ) i s  not an (23n-2H,2/3,2,41og2(23n-1H/3))bounded concentrator. | 

Questions 4.8 
(a) For q -- 3,4 we do not know if Dg(O-  1) are good bounded concentrators. If 

they are so, we get superconcentrators with density 45 for q - -4 ,  and 28 for 
q - -3 !  Note that  by a counting argument Pippenger proved the existence of 
(m, 2/3, 6,1/2)-b.c. for m large enough, and therefore the existence of s.c. with 
density 39 (see also [2]). It is clear that  the t ruth is bet ter  than what we have 
by lemma 4.1 (see remark 4.3), but we cannot prove that  this is enough to 
have the required bounded concentrators. 

(b) For many purposes it is important to have explicit (*, 0, *, a)-b.c, with a sharp 
ratio 0. (For example, in the hashing algorithm of Siegel [19], for an integer k 

k n c21k \ and c < 1, an n k, h i e , 2  + 3, ~ ) - b ' c "  is used, after proving its existence 

by a counting argument.) 
For aEL1,  we say that  it belongs to the vertex (cusp) bE Ln-1 ,  if the unique 
path going from a to level n - 1  through L2,L3, . . .  (not using L0), ends at b. 
Look at the following bipartite graph: I = Lo,O = Ln-1  and an edge exists 
between a E L0 and b~ Ln-1  iff for some c e L1 which belongs to b, (a, c) is an 
edge in Dg. It is not hard to see that  this graph is q + 1 regular in the inputs. 
We have reasons to believe that  Dg distributes L0 uniformly on the cusps, so 

that  this graph is an \q(q~- l ) '  q~_~ ,q+l ,c~ -b.c. for some non trivial c~. Is it 

so? 
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