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We give the first known direct construction for linear families of bounded concentrators. The
construction is explicit and the results are simple natural bounded concentrators.

Let Fy be the field with g elements, g{x) € Fg[z] of degree greater than or equal to 2, H =

PGL,(Fq[2]/9(2)Fy[z]), B=PGLa(Fy), and A=4 (% Y} aeFsibceFy b. Let Inputs =
q q q 0 1 q p

H/A, Outputs = H/B, and draw an edge between aA and bB iff aANbB # ¢. We prove that for
every ¢>5 this graph is an (IH/A], —_?_—I,q-i— 1, g%)-bounded concentrator.

1. Introduction

An (n,d)-superconcentrator ((n,d)-s.c. for short) is a directed acyclic graph
with = inputs, n outputs and not more than dn edges, such that for any r <n,
given any two sets, S of  inputs and T of r outputs, there are r vertex disjoint
paths from S to T. Superconcentrators are very useful in theoretical computer
science for designing communication networks, proving lower bounds, sorting, etc.
(see [1], [9]) and the references therein). One of the major difficulties in this theory
is to give an economic construction for linear families of superconcentrators i.e.,
families of (n,d)-s.c. with n — oo linearly, keeping the density .d fixed and as
small as possible. Such families were constructed from bounded concentrators {13,
6). An (n,0,k,a)-bounded concentrator is a bipartite graph with n inputs, On
outputs for 8§ < 1, and not more than kn edges, but nevertheless any set S of not
more than an inputs (o <) has at least |S| neighbors. By the P. Hall marriage
lemma, there is a perfect matching between S and some subset of its neighbors.
Bounded concentrators are important for switching networks, sorting and especially
for constructing superconcentrators as follows [6]: To construct a superconcentrator
of size nn, put a direct edge between each of the n inputs and its twin in the outputs.
Use these edges to connect as many vertices as possible of the two given sets SCT
and T CO. After it we may assume that |S|=|T|<n/2, this can be feed into two
(n,0,k,1/2)-bounded concentrators, to reduce the problem to size on.
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Theorem A. [6] If for every n an (n,0,k,1/2) bounded concentrator is given, then

for every n it is possible to construct an (n, %) superconcentrator.

A bipartite k regular graph with n inputs and n outputs is an (n, k, c)-ezpander,
if any set of s inputs has at least {1+¢(1—s/n)]s outputs as neighbors. Bounded
concentrators were obtained from expanders as follows [6]: To construct a bounded
concentrator with n inputs, let p+1 divide n and r=n/(p+1). Let G=(V=IUO,E)
be a bipartite (pr,k,2/(p — 1)) expander, divide O into r disjoint equal pieces
01,...,0r (each consist of p vertices), add r new vertices 41,...,4, to I, and
for 1 < j < r connect i; to each vertex of O;. The resulting graph is then an

(TL, Fi_l’ L’%IT)E, %) bounded concentrator.

2
) p_:I
is possible to construct an (n,(2k+3)p+1)-superconcentrator.

Theorem B. [6] If for every n an (n,k )-expander is given, then for every n it

This way using Margulis expanders, Gaber and Galil constructed linear families
of superconcentrators with density d=272. This was improved in [1] to d=123, then
Lubotzky et al. [11] using their Ramanujan graphs got d =78. But N. Pippenger
draws to their attention that it is possible to have d = 64, using expanders that
are double covers of 8-regular Ramanujan graphs. Explicit constructions of such
Ramanujan graphs can be found in [15].

Although for many reasons it is important to have these graphs homogeneous,
i.e. distributing the inputs uniformly over the outputs, this is not the case in
the above construction of bounded concentrators. The artificial way in which the
new inputs are connected to the outputs, breaks the “close to random” structure
of the expander. Here we give explicitly a direct construction of many infinite
linear families of homogenous bounded concentrators, i.e. families in which n— oo
linearly, keeping k, # and o fixed.

Our main result is: Let Fy be the field with g elements, g(z) € Fglz], R =
Fy[z]/g(x)Fy (2], H=PGLa(R), Hy=PGLy(Fy),

m={(5 =)o

Hy, Hy C H and everything is finite. Let Inputs = H/H1,Outputs = H/Hp, and an
edge exist between aHy and bHy iff a1 NbHy # ¢. For every ¢ > 5 and g(z) of

degree greater than or equal to 2, this graph is an (lI—I /Hil, E_‘f—_—l—,q,%) bounded

aelF'q*,b,cE]Fq}.

concentrator. Superconcentrators made from these b.c. for ¢ =5, come out to be
of density 66.

In Section 2 we present the background about the discrete valuations of Fy(z),
the local tree of PG Lo and its quotients. Then we give an abstract presentation
of the diagram that we work with, and prove that it is a Ramanujan diagram. In
Section 3 we discover the explicit structure of this diagram. Then in Section 4
we prove that a subgraph of this diagram is a bounded concentrator, and discuss
related issues.
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2. The Ramanujan diagram D,

We will recall a few fundamental definitions about diagrams (for more see [14]).

A diagram is a triple D =(V,E,w) where (V,E) is a bipartite graph, w: VUE —
{1/n|n=1,2,3,...} is the weight function, which satisfies:

1. 3 w(v)<oo.

veV

2. For any e=(u,v) € E,w(e)~! divides w(u)™! and w(v)~!
For an edge e=(u,v) define 8(u,v) =w(e)/w(u) to be the entering degree of e to u,
and call D r-regular if for every fixed u€V, 3 1, yep0(u,v)=r.

Let f,g be functions on V and set
0 =3 ()
veV

which defines Ly(D). The Laplacian A on Lg(D) which is defined by Af(u) =
> (uw)er 0(u,v) f(v) is hermitian, and well defined on

Zf(”)w v) = Z fw)wv) = O}

vel vEQ

LY(D) = {f € Ly(D)

Denote “AILO(D)“ by A.

Let g be a prime power, and Fy the field with g elements, F,[z] the polynomials
over Fy and k=T, (x) its quotient field. For every irreducible f €Fy[z], the discrete
valuation vy on k is defined by vy (g/h) =ords(g) — ords(h), where ord¢(g) is the
maximal power n such that f” divides g. The valnation at 1/z (also called the
valuation at infinity) is defined by vy /,(g/h) =degree(h) — degree(g). These are all
discrete valuations of k, they are called the places of k. For a place p let &, be the
completion of k with respect to the metric la|=q () and O, its integers. kp=
F,((p)) is the field of Laurent series in p over ]Fq, and Op =, [[p]] is the ring of
Taylor series in p over Fy.

For a ring R let PGLg(R) be the group of 2 X 2 invertible matrices over R
divided by its center. Let PSLy(R)={A &€ PGLa(R)||A| is a square in R}. Let
us write Gg for PGLy(R) and G}, for PSLy(R). In the special case when R=k,
we'll also write G for Gy, and G%, for G,lcp.

Let H be G or G. The Adele group of H over k is defined by:

(i Tl

P

gp € HO,, almost everywhere}

where by “almost everywhere” we mean: except for a finite number of places.
Multiplication is componentwise, and a topology on Hy is defined by declaring
the subring Hp Hp,, with the usual Tychonoff product topology to be open. With
this, Hy is a locally compact group. Hy is embedded naturally into Hy by g —
(9,9,-++,9,-) (see [7] for more details).
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In [18, §II 1] the structure of the ¢+1 regular tree is defined on Gl/:c/GOI/m-
The tree T' = G, Jz /Go1 /o is completely described by defining the neighbors of
gGol/z to be the ¢+1 cosets gsiGol/w 1=1,...,¢+1, where

o {sl,...,sq+1}={<1ém I{) bE]Fq}U{((l) 1%)}

From this point of view it is clear that Gy, acts on T' (from the left) as a
group of automorphisms.

['=T(1) = PGLy(Fy[z]) is a lattice in Gy, [18, §2.1.6] (i, T is discrete and
I\Gy/; is of finite G}/ -invariant measure). Hence, for every g €Fylz],

I'(g) = {A € I'(1) | for some representative a of A,a = I mod g}

which is of finite index in T'(1), is also a lattice in G;/,. Look at the action of
I'(g) (from the left) on the tree T'= Gl/x/GOI/mv and denote the quotient graph

I'(9)\G1/2/Go,,, by Xg. If # and #' are two vertices of T which lie above ve Xg,

then the stabilizers of 7 and § are conjugate subgroups of T'(g), so we may define
the weights:

(2) w(v) ={v€T(g) |13 =3} wle)=|{yeT(g) |ve=2}""

where ¢ and € are any vertex and edge which lie above v and e respectively. As the
quotient of the g+ 1 regular tree T, Dy =(X4,w) is a ¢+ 1 regular diagram (as we
will later see in detail).

Theorem 2.1. D, is a Ramanujan diagram, i.e., ‘

A‘L‘%(Dg) ” <2va.
Proof. We are not going to give all details, parts of this proof can be found with

more details in [12, ch. 5], a detailed proof appears in [16]. The continuous spectrum
of the Laplacian A on Lg(Dg) is well known from the theory of Eisenstein series

(5, §8] for example). It is exactly the segment [—2¢'/2,2¢1/2] (see also a direct
computation for the case of I'(1) in [4]).

It is left to show that if A#+(g+1) is an eigenvalue of A, then {A\|<2,/q. Let
p be a continuous irreducible unitary representation of Gy Jz in (H,<,>). Assume

p is of class one, i.e. there is a ve H s.t ||v]|=1, and Go,,, v=v. fplg)=<gv,v>
is called the spherical function of p (f,:G; Jz — C). Since at most one such v can
exist {10, ch. IV], f, is well defined.

"~ Let U=Gp, /2 (1) 1?:1:) Go, /o> 1y its characteristic function, and define the

convolution (f*h)(z)= fGl/ f(zy~1)h(y)dy. There is a unique pu € C such that
fox1ly=pfp, and p is denoted by p#. For more details see [10, ch. IV].

Lemma 1. u is an eigenvalue of the Laplacian A of I‘(g)\Gl/m/GOl/z iff the rep-
resentation p* appears in the (right) regular representation Rg, Ja of Gy/y in
Lo(T(9)\G1/s)- Moreover, if p7#+(q+1) then p* is not one dimensional.

Proof. The proof is almost the same as in [12, ch. V] |
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Let g(z)=[15_, gi(x)%, where g; € Fy[z] are irreducible, and g; # gj for i#j.
Let :

x. — | Ker{Go, A PGLy(0,/r%0,)} r=g; 1<i<s
i K, = Go, T# g

where:
a b a mod gg" b mod g;-ii
477 d] = d: d 1
¢ cmod gi* dmod g;*
Let K=[] .41 /o Ky and H=GyGy/, K.
Lemma 2. |Gp\Gy/K :Gi\H/K|< 0.

Proof. Let K1= Hf;él/z G})f, clearly Gi/zK1 is a nonempty open subset of G’k.
G/ is not compact, so by the Strong Approximation Theorem ([17]) G,ch% /o is

dense in G’k, S0
(3 Gh = GGl K"

Since |[] f1/2Go, K | < oo, and by the Strong Approximation Theorem [17]
ky =k*k] /o 11 f O;Z, it is clear that H contains a finite index subgroup of G}*kg =

Ga, (since Gr = PSLy(k.)k} for any place r). Hence |G : H| < oo, and also
|Gi\GA/K :G\H/K|<oo. |

Since GyNK =T'(g)
Gr\H/K = T(9)\G1/,

as G/, modules (by multiplication from the right), and
|GK\GA/K : T(g)\Gy/q| < oo.

Therefore, for every irreducible representation 7 Jz of the (right) regular represen-
tation of Gy, in Lo(I'(9)\Gy/;), there is an irreducible sub-representation § =
Q@b of the regular representation of G in Lo(Gr\Gy), such that 61/2="Ti/z
Assume now that p#=+(g-+1) is an eigenvalue of the Laplacian on the diagram
I'(9\G1/4/Go,,,- By lemma 1, p# (which is not one dimensional) appears in the
regular representation of Gy/, in Ly(I'(9)\G1/;), and hence §=®;6; with 61/5=

p* appears in the regular representation of Gy in Lo(G;\G4a). By the theorem of
Drinfeld [3], p* is a principle series representation, i.e. |y <2./q. 1
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3. The structure of D,

m
Let Ay, = (mo 2), em = AmAmy1 for m = 0,1,2,3,..., and X, is the
following infinite path in the tree Gy/,/Go, Ja®
€0 eq e e
X1: — o o ——»---
Ay A1 A2 A3 Ag

Let To=PGLy(F,), Bo= { <8 g) eT(1)

rm={<g Z) eT(1)

Theorem 3.1. [18, §2.1.6] In the action of I'(1) on the tree G1/2/Go,,,:

(a) X is a fundamental domain for I‘(l)\Gl/z/Gol/z.

(b) For every m>0, I'y, is the stabilizer of Am, and Ty, NIy is the stabilizer of
the edge ey,. In particular, By is the stabilizer of eg, and 'y, of ey, for m>1.

Let g= gd1 ggz -g% the decomposition of g(«) €Fy[z] into distinct irreducible

prime powers, where degree (g;) =n;, 35— din; =degree(g)=n>2. Since I'/T'(g) =
[[i=; PGLo(Fq [w]/gf"]Fq [z]) it is easy to see that |T'/T(g)| =¢°" [, where from now
on

H def H 2n,

In order to understand the structure of Dy =(Xg,w) it is convenient to look
at X7 as the quotient of Xy by I'(1)/T'(g).

T = Gy}s/Go,,, = Xg =T(9)\G1a/Co,,, = X1 =T(1)\G1/,/Go,,,

where ) is the projection through the action of I'(g), 73 is the projection through
the action of I'(1)/T'(g), and n=mgomy is the projection through the action of I'(1).

Since X1 is a tree, we can identify it with an isomorphic copy in X,. Let SC
Xy be a maximal subtree of X, and assume X1 C S, § can be identified with an
isomorphic copy in T'. If e=(u,v) € X4 is not in S, identify it with some é=(u,?)€
T such that 71 (%) =v. From now on when we will talk for example about 4; in T,
e; in Xg, or v€ X as a vertex of T', we mean through this identification.

Definition 3.2 A vertex v€ X, (edge e€ Xy) is called a vertex (an edge) of level i,
if mo(v) =4; (m2(e)=e;), and
Def

a,dE]F;,bE]Fq}, and for every m>1

a,d € Fy,degree(b) < m} .

{v € Xy | vis of level 7}.

Let * stand for one of the three: (i) I'(1) in its action on T'. (ii) I'(g) in its
action on 7. (iii) I'(1)/T'(g) in its action on Xg4. Denote

Stab.(v) Def {y€x*|yv =0}
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The weights of Dg. By Theorem 3.1 Stabp g (A;)=T;NT(g). If v is another vertex

in L;, Stabp(y)(v)= h~1T';h for some h € T(1), since T'(1) is transitive on L;. But

I'(g) is normal in T'(1) so

Stabpgy(v) = h™'T;hNT(g) = A1 (T3 NT(g))h = A~ Stabpyy (4;)h.

From the definition in (2) we see that for every z; € L;

1 i< n
-1
@ w(e) = 0nT@ = { e (ST

For the same reasons if e; is an edge of level i

v—1_ [IBonT(g)] i=0 (1 i<n
(5) wlei) —{lrmr(g)[ i>n_ ¢ i>n

The vertices of Dy. I'/T'(g) acts transitively on L;, and the stabilizer of A; is
I;(g)/T(9)=T;/(I;NT(g)), so we can identify L; with

(6) (T/T(9))/(Til'(g)/T'(g)) = T /I (g).
Since |I'/T(g)|=¢*" [, and
q(qz—l) 1=0 {1 i<n
;| = . ) r,nT = 1 . s

we get

q3n .

-y =0

3n

(7) |Li| = qi?rl(q—n n>i>0

q2n .

=1 1> n.

The edges of Dg. I'(1)/T'(g) acts transitively on the edges of level i,
Stabp(1)/r(g)(e:) = (TiNTi41)T(g)/T(g), and again the edges of level i can be
identified with

(8) (T/T(g)/{(I0s NTi41]0(9))/T(9)} = T/{(T; NTi41)T(g)}-

From (6) and (8), the edges of level i coming out from a vertex aI';T'(g) € L; (a
vertex bl';11T(g) € L;11) are exactly the cosets of (I';NT;11)T(g) in aI;I'(g) (in
bI';4+1T(g)), and their number is the same for every vertex of level i (of level i+1).

The edges of level ¢ coming out from 1I;I'(g) (going to L;11) are therefore
identified with

9) TiT(9)/{(T: NTiy1)T(9)} = T;/{Ts N ([Ti N T311]T(g))},
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and those coming out from 1I';11I'(g) ( going to L;) are identified with

(10) Tig1/{Tip1 N (L N T341]T(9)) }-
We will now distinguish between the following three cases:
1=0:
TNy =By, I'oNI'(g) ={1}. By (9) there are |T'g/By|=g+1 edges coming out
from Ag going to level one. Since I'1NI(g)={1}, by (10) there are [I';/Bg| =g
edges coming out from A; going to Lg. So, between levels 1 and 0, we have an
interesting bipartite graph (all weights are 1) which concentrates the vertices
of L into those of Lg, where ]L0|=qfq1|L1|.
0<i<n—1:
r;NTi =Ty, T;n(g) = {1}. By (9), from every vertex of level i there is
IT';/T3] =1 edge going to Lj+q. Since 'y NT(g) = {1}, by (10) from every
vertex of level ¢+ 1 there are |I';+1/I;| = g edges going to L;. The graph
between levels ¢ and i+1 is simply a “q to 1" collapsing of L; on L;11 (note
that |Lip1|= 7| Ls)-
i>n—1:
The number of edges coming out from a vertex of level ¢, going to L;11, is
again |I';/T';|=1 by (9). But here I';I'(g) =T';;1I'(g) so by (10) the number of
edges coming out from a vertex of level i+1 going to L; is also |T'j41/Ti41|=
1. We see that from level n—1 on, the diagram D continues simply by gluing
an infinite ray which is similar to X7, (but with weights as in (4) and (5)), to
every vertex of level n—1.

Dg(0-1)
e 1
' ............... [ ] q%__‘.—‘ .........
. . @  ciresesinensana [y Qi ranne
. . . : : :
b ¢ b . Lp_2 Lp_1:Ln Lpy1
. q %— 1 . .
. . . ° e raien
[ ] [ ] [ ] B e arveneraane [} OB —————Brrrsesnnn
OLO .Ll 0L2 .L3 ....... * 8.
. . o o, _att -
. [ . Az
.
.

Fig. 1. The diagram Dyg

Remark 3.3 Let R = F,[z]/g(z)Fq[x] be represented as polynomials of degree
smaller than n=degree(g), H=PGL3(R), Hy=PGL3(Fy), and for i>0

- 2)

a,d € F*, degree(b) < min{i,n — 1}} .
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Since I'/I'(g) = H, it is easy to see that our diagram Dy = (V,E,w) is as follows:
L; can be identified with H/H;, edges exist only between two successive levels, and
for hH; € L; and kH; 1 €L

(hHi, kHi+1) EE & hH,NkH 11 # ¢ hH;NkH; 1 = a coset of H; N H; .

Clearly, the edges of level i which come out from hH; (going to |L;1]) are exactly
the cosets of H; N Hy, in hH,, and these coming out from kH;i1 (going to L;)
are the cosets of H; N H;y1 in kH;yq. This describes the structure of Dy (inside
the finite group PGLz(R)) in a way which seems to be the easiest to construct
effectively.

4. The bounded concentrators

The diagram Dy between levels 0 and 1, is a graph in the usual sense (all the
weights are 1), denote it by Dg(0—1).

For any set S of vertices, let 1g denote the characteristic function of S, N(S)
the set of neighbors of S, and N;(S) the set of neighbors in level i. For a function
f on X and the Laplacian A, let A;f be the part of Af supported on L; (i.e.
Af-1r, ). Our main tool is the following lemma:

Lemma 4.1. For every SCL1, | IOS('iS)I > 3)qIIS{JH!4IL1|

Proof. Since }_,.7 Ao (l%g[ - ﬁ) (v) = 0, A (]—5[ —lz—) is orthogonal to
Ap (I I !) which is constant on Lg, hence

i ()t ) (3 )
= 180 (720 ) 1P+ o (75 - g2 ) 1B = 20Dy g (22— 2 ) 2

But if f is supported on L1 then ||Ag(f)]|2 = |A(F)I2 - |A2(f)|%, and by Theo-
rem 2.1 ”AOIL(z)(Dg)H <2,/q, hence

oo (35) 1 < K+ (- ) = i (5202

(This may be improved by estimating ||Ag (]I?Sl - ]llelT) (% ). Since Lo (5)/ 1 No(S)]
is of minimal norm among all the functions f such that f is supported on No(S),
and -, f(v)w(v)=1, and Ag (q—llﬁ[) is one like this, we get

L Ings) 2 . 2 o 1 ((g=3)IS|+4|Ly|
GG NWQJ” m( aLn] )
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which gives the required result. ]

Proposition 4.2. If ¢ >4, or ¢=3 and g(z) is irreducible of degree greater than 2,
then Dg(0—1) is connected.

Proof. If not, there is a set SC Ly, |S]< [Lll s.t. [ No(S)] =E%—1—[S{ which for ¢ >3
is impossible by lemma, 4.1. For the case of g=3 see remark 4.3. 1

Remark 4.3 It is not hard to see that Dg(0-1) is connected iff PGLy(R) is generated
by Hp and Hj (the notations are as in remark 3.3). This condition is true for ¢>3
when g is irreducible (if g=3 we also need that degree(g) > 3), since in this case we
know that the only subgroup of PGLy(R) that contains Hp and Hi, is PGLy(R)

itself [8, th. 2.8.4]. This means that for |S| < IL" ‘N‘OS(,‘[S)’ qil’ and for ¢=3

this is better than what we get by lemma 4.1. (Even the improvement suggested in
the proof of lemma 4.1 when applied to the case ¢=3, would give a weaker result
when |S| =|L1|/3). What is actually done in lemma 4.1, is to use the bound of

HA] L3(Dy) for the Laplacian of Dy (0—1) instead of bounding it directly. This way,

for ¢=3 we get only the trivial bound (whlch is obtained simply by counting

the edges). For g=2 it is even worse than this. To get better results an argument
in which the whole structure of Dg (not only levels 0,1 and 2) play a role is needed,
but we have not been able to find one.

Proposition 4.4.

3n-—2
(a) For g>5, Dg(0—1) is an =T ,q—i—l,q, g—:—g)-bouﬂded concentrator.
(b) When q > 5 is ﬁxed and degree(g) — oo, we get an infinite family of
(m, 7 _H,q-l—l, q_ bounded concentrators with m— oo linearly.
Proof. (a) The first three parameters come out from the structure of Dy which is
discussed in section 3, and the fourth is by lemma 4.1. |

Proposition 4.5. Using these bounded concentrators for ¢ = 5, one gets linear
families of (n,d)-superconcentrators with n— oo, d=66.

Proof. Immediate by combining the result of Theorem A of section 1 and Proposi-
tion 4.4. ‘ 1

Remark 4.6 Of course one can cut Dy at any level i > 1 and have bounded
concentrators again, but the sharpest ratio between inputs and outputs results
when cutting after level 1. Even for ¢=2,3,4 one gets b.c. when cutting at higher
levels.

Remark 4.7 An argument of N. Pippenger shows that for =2, Dg(0—1) is not a
bounded concentrator with reasonable parameters.

Proof. Choose some vertex ug € Lg. Choose one of its three neighbors in Ly, let
us say this is vg. vg has only one more neighbor in Lo, let us say it is u;. Repeat
this double step by choosing a neighbor v; € L of uy, etc. After not more than
O(logg | Lgl) such double steps with suitable choices of the neighbors in L1, we will
come back to one of the u;-s creating a non trivial cycle. (Since for any graph G=
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(V,E) in which each vertex is at least of degree k, the girth (i.e., the length of the
shortest cycle) is less or equal to 2logy |V|). Throwing out irrelevant vertices we
may assume that this cycle is made of {uyp,...,u;} C Lo and {vp,...,v:} CL;.

But ugp still has one unused neighbor in Ly, call it v;; ;. Continue the process
above from vy41 on, until you get a new cycle or you come back to one of uy,...,uz.
Again this will happen after not more than O(logy |Lg|) steps, otherwise you have
used more than |Lg|+ |L1| vertices. Since you visit a vertex v € L1 once af most,
but you visit #p and one more vertex of Lg twice, if we denote by S; the set of
vertices you ever visit in £;,7=0,1, we have

INo(S1)l = |So| < [S1]
so Dg(0—1) is not an (23772I1,2/3,2,4log, (23" ~111/3)) bounded concentrator. Nl

Questions 4.8

(a) For g=3,4 we do not know if Dg(0—1) are good bounded concentrators. If
they are so, we get superconcentrators with density 45 for ¢ =4, and 28 for
g = 3! Note that by a counting argument Pippenger proved the existence of
(m,2/3,6,1/2)-b.c. for m large enough, and therefore the existence of s.c. with
density 39 (see also [2]). It is clear that the truth is better than what we have
by lemma 4.1 (see remark 4.3), but we cannot prove that this is enough to
have the required bounded concentrators.

(b) For many purposes it is important to have explicit (*,0, *,a)-b.c. with a sharp
ratio 6. (For example, in the hashing algorithm of Siegel [19], for an integer k

2

and c<1, an (nk, ~ 12+ %, %éﬁ)—b.c. is used, after proving its existence
by a counting argument.)
For a€ L1, we say that it belongs to the vertex (cusp) b€ Ly,_1, if the unique
path going from @ to level n—1 through L9, L3,... (not using Lg), ends at b.
Look at the following bipartite graph: I = Lg,0 = L,_1 and an edge exists
between a€ Lg and b€ Ly,_; iff for some ce L; which belongs to b, (a,c) is an
edge in Dy. It is not hard to see that this graph is ¢+ 1 regular in the inputs.
We have reasons to believe that Dy distributes Lo uniformly on the cusps, so

3n
that this graph is an (quz—l]ﬁ, aqni_lr,q—f-l,a) -b.c. for some non trivial a.. Is it
so?
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